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Note 

Exact Triple Integrals of Beam Functions 

In solving certain fluid dynamic problems it is often convenient to expand the 
prevailing velocity fields in a complete set of orthogonal functions which together 
with their first derivatives vanish at the ends of the chosen interval 11 1. These 
functions are constructed from the eigenvalue problem defined by the equation 

d4y T=a4y 
dx 

and the boundary conditions 

y=-$=O at x=*i 
2 * 

They fall into two non-combining groups of even functions C,(x) and odd functions 
S,(x) which take the forms 

cash Iz,x 
c,(x) = cash ‘A 

cos A,x 

2 m -x 

and 

S,(x) = 
sinh JI,,,X sin ,umx 
sinh $uu, - sin $JL, ’ 

(3) 

Here A,,, and P,,, are the roots of the characteristic equations 

and 

tanh +A + tan iA= 0 (5) 

coth $U - cot $.I = 0, (6) 

respectively. 
These functions were first discussed by Rayleigh [2] in the theory of vibrating beams 
and are also referred to as beam functions. In the application of these functions to 
linear problems, one needs to evaluate definite double integrals involving beam 
functions and their derivatives. These integrals can be evaluated quite simply by using 
the fact that the beam functions satisfy the differential equation (1) and by carrying 
out four partial integrations [3 1. However, in the application of these functions to 

300 
0021.9991/82/02030@-03$02.00/0 
Copyright 0 1982 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 



INrEGRALS OF BEAM FUNCTIONS 301 

non-linear problems one encounters definite triple integrals involving them [4,5 1. 
Usually these integrals are evaluated numerically using Gaussian quadrature for- 
mulae. 

We encountered these triple integrals in the application of the Galerkin method to 
the problem of heat and mass transfer across rectangular enclosures. Instead of 
evaluating them numerically, we extended the technique described by Reid and Harris 
[3] to obtain the exact solution of these triple integrals. In this process we obtained 
four linear simultaneous equations with triple integrals as unknowns. These equations 
were solved exactly to obtain the closed form solution. Such closed form represen- 
tations have been shown to be useful in solving nonlinear hydrodynamic problems by 
series expansion[4, 6, 71. Hence, we present below these integrals in a general form. 

We use the following representation for the beam functions and the associated 
triple integrals 

B,@ x> = S,(x), (f-0 
v,(l) = $9 (9) 

v,(2) = dn 9 

&-,,tijk) = J”:;,, B,ti, x) B;tj, x> B,tk xl, 

J,,,(ijk) = jl” B,(i, x) &“(.I, 4 B,(k, xl, 
-l/2 

(10) 

(11) 

(12) 

I 
112 Kn,,tW = B&(i, x) B;(j, x) B,(k, x), 

-112 
(13) 

where i, j, k take the values 1 or 2. Then the exact integrals are: 

Z,,,,,(ijk) = $ [4(bz + 4cu,(j)) T, + 2(2c - 3b) T, 1, (14) 

J,,,W = y [2(z + 40,(i)) T, - T,], (15) 

K,,,,W) = ; [-8u,ti) u,(j) 7’2 + tz + 4qO)) T, I, (16) 

c = 2Bi(i, i) Bi(j, f) Br(k, f) 

- 2Bz(i, f) SF(j, f) Bi(k, i), (17) 
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b = 2B;(i, 4) By(j, Q) Br(k, f) 

- 2B;(i, f) Br(j, f) B,“(k, i), 

d = -2B;(i, 5) BL(j, 1) Bl(k, +) 

z = u,(k) - u,(i) - up(j), 

T, = z* + h,,,(i) u,(j), 

T, = 32 + 4v,(i) + 4v,(j), 

D = T; - 1621,(i) vo(j) T:. 

(18) 

(19) 

(20) 

(21) 

(221 

(23) 
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